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PHY241 Planetary Systems - Coursework #3

Solutions

Problem 5

Dynamics near L1, L2, L4 and L5 Points

cyan=Third Body beige = zero velocity curves

(a) x = —0.02AU interior to the L1 Lagrange Point (b) x = +0.02AU interior to the L1 Lagrange Point

FiGURE 1: The L1 Lagrange Point - In the left frame the particle remains interior to the planet through
the simulation and ‘reflects’ off of the grey ‘zero-velocity’ curve. For z = 40.02AU on the right the particle
remains in the Hill sphere of the planet throughout the simulation again ‘reflecting’ off of the grey ‘zero-
velocity’ curve surrounding the Hill sphere. That the particle does not oscillate about the L1 in either
simulation suggests that it is an unstable equilibrium. [2 marks]



cyan=Third Body beige = zero velocity curves key : yellow=3un, cyan=Third Body beige = zero velo

(a) £ = 40.02AU exterior to the L2 Lagrange Point (b) z = —0.02AU interior to the L2 Lagrange Point

(¢) x = —0.07TAU interior to the L2 Lagrange Point

FIGURE 2: L2 Lagrange Point - In (a) the particle remains exterior to the Hill sphere of the planet throughout
the simulation. In (b) The particle starts interior to the planet, but exits the Hill sphere through the L1
and proceeds to travel through the region interior to the L1. In (c) finally the particle remains inside the
Hill sphere. In all of these cases the particle again leaves the vicinity of the L2 rather than oscillating about
this point, suggesting that this is not a stable equilibrium point.



(e) vy =400 m/s (f) vz =500 m/s

F1GURE 3: L4 Stability - Each figure used a different starting velocity. As the starting velocity is increased
the angle of libration about the L4 increases. For very small initial velocity (as in [a]) the particle oscillates
about the L4 suggesting it is a stable equilibrium. Note also in [e] that the particle seems to now oscillate
about both the L4 and L5 points. This is known as a ‘horseshoe’ orbit. Saturn’s satellites Janus and
Epimetheus execute this sort of orbital behavior. Note the different scale in [f] as the particle traverses a
much larger region. [2 marks] 3
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yellow=Sun

(e) vy =400 m/s (f) vz =500 m/s

FIGURE 4: L5 Stability - Each figure used a different starting velocity. Note the similarity to the L4
behaviour. Both appear stable to small perturbations from the equilibrium points, with smaller initial
velocities showing smaller amplitude oscillation about the equilibrium point (see e.g.[a]).



